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Abstract 

We show that the Cauchy Problem for a randomly forced, periodic 
multi-dimensional scalar first-order conservation law with additive or 
multiplicative noise is well-posed: it admits a unique solution, charac- 
terized by a kinetic formulation of the problem, which is the limit of 
the solution of the stochastic parabolic approximation. 

Keywords: Stochastic partial differential equations, conservation laws, ki- 
netic formulation, entropy solutions. 

1 Introduction 

Let {Q, J-", P, (J-'t), be a stochastic basis and let T > 0. In this paper, 

we study the first-order scalar conservation law with stochastic forcing 

du + dw{A{u))dt = ^{u)dW{t), a; G T^, t G (0, T). (1) 

The equation is periodic in the space variable x: x E where is the 
A^-dimensional torus. The flux function A in ([T]) is supposed to be of class 
C^: A G C^(M; M.^) and its derivatives have at most polynomial growth. We 
assume that W is a. cylindrical Wiener process: W = J2k>i l^k^k, where the 
are independent brownian processes and {ek)k>i is a complete orthonormal 
system in a Hilbert space H. For each m G M, : H — )■ L^(T^) is defined 
by $(M)efc = gk{u) where gk{- , u) is a. regular function on T^. More precisely, 
we assume gk G C(T^ x M), with the bounds 



G\x,u) = ^ \gk{x,u)\^ < Do{l + \u\'), (2) 

k>l 

^ \gkix,u) - gk{y,v)\'^ < Di{\x - y\'^ + \u- v\h{\u - v\)), (3) 



fc>i 
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where x,y G T , n,f G M, and h is a continuous non-decreasing function 
on M_|_ with h{0) = 0. Note in particular that, for each w G M, : H — t- 
L^(T^) is Hilbert-Schmidt since ||5'fc(-, m) ||l2(t^) < Ikfcl") 'w)IIc(t^) and thus 



The Cauchy Problem, resp. the Cauchy-Dirichlet Problem, for the stochastic 
equation ([T]) in the case of an additive noise ($ independent on u) has been 
studied in [Kim03] . resp. [VWlOj . Existence and uniqueness of entropy 
solutions are proved in both papers. The Cauchy Problem for the stochastic 
equation ([1]) in case where the noise is multiplicative (and satisfies ([2])- ([3]) 
above) has been studied in [FN08] . In [FN08j , uniqueness of (strong) entropy 
solution is proved in any dimension, existence in dimension 1. 

Our purpose here is to solve the Cauchy Problem for ([T]) in any dimen- 
sion. To that purpose, we use a notion of kinetic solution, as developed 
by Lions, Perthame, Tadmor for deterministic first-order scalar conserva- 
tion laws jLPT94] . A very basic reason to this approach is the fact that no 
pathwise L°° a priori estimates are known for ([T]). Thus, viewing ([T]) as an 
extension of the deterministic first-order conservation law, we have to turn to 
the theory developed for the latter, for which the kinetic formulation, once 
conveniently adapted, is slightly better suited than the renormalized-entropy 
formulation (developed in |CW99] for example). 

There is also a definite technical advantage to the kinetic approach, for it 
allows to keep track of the dissipation of the noise by solutions. For entropy 
solutions, part of this information is lost and has to be recovered at some 
stage (otherwise, the classical approach a la Kruzhkov [Kru70] to Comparison 
Theorem fails): accordingly, Feng and Nualart need to introduce a notion of 
"strong" entropy solution, i. e. entropy solution satisfying the extra property 
that is precisely lacking |FN08j . This technical difference between the notions 
of kinetic and entropy solution already appears in the context of degenerate 
parabolic equations: in the comparison of entropy solutions, it is necessary 
to recover in a preliminary step the quantitative entropy dissipation due to 
the second-order part in non-degeneracy zones (see Lemma 1 in |Car99j ). For 
kinetic solutions, this preliminary step is unnecessary since this dissipation 
is already encoded in the structure of the kinetic measure, (see Definition 2.2 
in [CP03]). 

In the case of an additive noise, Kim |Kim03] and Vallet and Wittbold |VW10j 
introduce the auxiliary unknown w := u — that satisfies the first-order 
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scalar conservation law 

dtW + dw{B{x,t,w)) = 0, (4) 

where the flux B{x,t,w) := A{w + ^{x)W{t)) is non-autonomous and has 
limited (pathwise Holder-) regularity with respect to the variable t. Then 
entropy solutions are deflned on the basis of dl]). In this way it is actually 
possible to avoid the use of Ito stochastic calculus. 

In the case of an equation with a multiplicative noise, Feng and Nualart 
deflne a notion of entropy solution by use of regular entropies and Ito For- 
mula jFNOS] . They also deflne a notion of strong entropy solution, which 
is an entropy solution satisfying an additional technical criterion. This ad- 
ditional criterion is required to prove a comparison result between entropy 
and strong entropy solution. As already mentioned, they are able to prove 
existence of strong entropy solutions only in dimension one. 

In all three papers |Kim03t IFNOSt IVWIO] , existence is proved via approxi- 
mation by stochastic parabolic equation. We will proceed similarly, cf. The- 
orem [191 Consequently, our notion of solution, deflned in Deflnition |2|, hap- 
pen to be equivalent to the notion of entropy solution used in |Kim03| IFN081 
IVWinj . provided the convergence of the vanishing viscosity method has been 
proved, hence in the context of |Kim03l IVWlOj or in |FN08j in dimension 
10. In fact, we prove that our notion of kinetic solution is also equivalent to 
the notion of (mere - not strong) entropy solution of |FN08j . whatever the 
dimension, see section [331 

Our main results states that under assumptions ([2]) and ([3]), there exists 
a unique kinetic solution in any space dimension. Due to the equivalence 
with entropy solution, we flll the gap left open in |FN08j . Moreover, the use 
of kinetic formulation considerably simplifles the arguments. For instance, 
to construct a solution, only weak compactness of the viscous solutions is 
necessary. 

There are related problems to ([T]). We refer to the references given in, e.g. 
|Kim031 IVWIO] ■ in particular concerning the study of the deterministic in- 
viscid Burgers equation with random initial datum. One of the important 
question in the analysis of ([11) (and, more precisely, in the analysis of the evo- 
lution of the law of the solution process u{t)) is also the existence (unique- 
ness, ergodic character, etc.) of an invariant measure. This question has 

-^note that we consider periodic boundary conditions here, unhke |Kim03[lFN08IIVW10] . 
However, our results extend to the whole Cauchy Problem or to the Cauchy-Dirichlet 
Problem. 
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been fully addressed in |EKMSOO] for the inviscid periodic Burgers equation 
in dimension 1 by use of the Hopf-Lax formula. 

Our analysis of ([T]) uses the tools developed over the past thirty years for the 
analysis of deterministic first-order scalar conservation laws, in particular the 
notion of generalized solution. Thus, in Section |2l we introduce the notion 
of solution to (II]) by use of the kinetic formulation, and complement it with 
a notion of generalized solution. In Section El we prove Theorem [TTl which 
gives uniqueness (and comparison results) for solutions and also shows that 
a generalized solution is actually necessarily a solution. This result is used 
in Section H) we study the parabolic approximation to ([T]) and show that it 
converges to a generalized solution, hence to a solution. This gives existence 
and uniqueness of a solution. Theorem dnj 

2 Kinetic solution 
2.1 Definition 

Definition 1 (Kinetic measure) We say that a map m from Q to the set 
of non-negative finite measures over x [0, T] x M zs a kinetic measure if 

1. m is measurable, in the sense that for each (f> G Cb(T^ x [0,T] x M) , 
(m, (j)): Vt is, 

2. m vanishes for large ^: if B'^ = G M, |^| > R}, then 

lim Em(T^ x [0,T] x BV) = 0, (5) 

3. for all (j) e Cb{T^ x M), the process 

t^ / (f){x,^)dm{x,s,C) 

Jr'^x[0,t]xR 

is predictible. 

Definition 2 (Solution) Letu^ G L°°{T^). A measurable function u: T^x 
[0, T] X — 7- M is said to be a solution to ([7]j with initial datum uq if {u{t)) 
is predictible, for all p > 1, there exists Cp > such that for a.e. t G [0,T], 

\\uit)\\Lp(Q^jN) < Cp (6) 
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and if there exists a kinetic measure m such that f := lu>^ satisfies: for all 

ifi e cl{T^ X [o,r) X R), 



I 



'^{f{t),dMt))dt+{fo,m) + r{f{t),a{0-Vip{t))dt 







/ / gk{x,u{x,t))ip{x,t,u{x,t))dxdl3k{t) 
TT; Jo Vt'v 



T 
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d^(p{x,t,u{x,t))G {x,u{x,t))dxdt + m{d^ip), (7) 

JV 



'0 ^T^" 

a.s., where := J2kLi ^'^^ ^(0 •= ^'(0- 

In ©5 fo{x,^) = luo{x)>i- We have used the brackets (■,■) to denote the 
duahty between C^{T^ x M) and the space of distributions over x M. In 
what follows, we will denote similarly the integral 

{F,G)=[ [ F{x,OGix,C)dxd^, F e LP{T^ xR),G e L^iT^ xR), 

where 1 < p < +oo and q is the conjugate exponent of p. In ([7]) also, we 
have indicated the dependence of gk and on u, which is actually absent 
in the additive case and we have used (with cj) = d^tp) the shorthand m(0) 
for 

m{(j))=f (j){x,t,^)dm{x,t,^), (j) e Cb{T^ x [0,T] x R). 

Jt'^x[0,T]xR 

Equation ([7]) is the weak form of the equation 

{dt + a(0 ■ V)luH = ^u=iW + d^{m - ^G^6u=^). (8) 

We present now a formal derivation of equation from ([T]) in the case m = 
(see also Section 14. ![ where we give a rigorous derivation of the kinetic for- 
mulation at the level of the viscous approximation): it is essentially a conse- 
quence of Ito Formula. Indeed, by the identity (1m>5, 0') ■= 1m>c^'(0<^^ = 
9{u) — 9{—oo), satisfied for 9 G C°°(M), and by Ito Formula, we have 

d{lu>^, 9') = 9'{u){-a{u) ■ Vudt + dW) + ]^9"{u)G'^dt 

= -div( j a{i)9\0di)dt + ]^9"{u)G^dt + 9'{u)dW 

= -div((al„>^, 9'))dt - ]^[d^[GHu=d. 0')dt + ((5„=g, 9')dW. 
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Taking 9{^) = (p, we then obtain the kinetic formulation with m = 0. 
The measure m is sometimes (quite improperly if no action, or Lagrangian, 
is precisely defined) interpreted as a Lagrange multiplier for the evolution of 
f hj dt + a ■ V under the constraint / = graph = lu>i- It comes into play 
only when u becomes discontinuous (occurrence of shocks); in particular, it 
does not appear in the computation above that requires some regularity of 
u with respect to x to apply the chain-rule of differentiation. 



2.2 Generalized solutions 

With the purpose to prepare the proof of existence of solution, we introduce 
the following definitions. 

Definition 3 (Young measure) Let {X, A) be a finite measure space. Let 
Pi(M) denote the set of probability measures on R. We say that a map 
1/: X ^ Vi{M.) is a Young measure on X, if, for all G Cf,(]R), the map 
z I— > 1^2(0) from X to is measurable. We say that a Young measure v 
vanishes at infinity if, for every p > 1, 

\^\Pdiyz{OdX{z) < +00. (9) 




'X 



Definition 4 (Kinetic function) Let {X, A) be a finite measure space. A 
measurable function / : X x M — )■ [0, 1] zs said to be a kinetic function if there 
exists a Young measure u on X that vanishes at infinity such that, for X-a.e. 
zeX, for all ^ e R, 

/(z,o = /^.(e,+oo). 

If /: X X R — )■ [0, 1] is a kinetic function, we denote by / the conjugate 
function /:=! — /. 

We also denote by Xf the function defined by Xfi^^O = fi^^O ~ lo>^ 
Contrary to /, this modification is integrable. Actually, it is decreasing 
faster then any power of ^ at infinity. Indeed, 



du,, ^ < 0, 



duz, ^ > 0. 



Therefore 

W f \Xf{^.mKz)< f [ \C\^du,AOdX{z) < 00, (10) 

Jx J X JK. 
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for all ^ G M, 1 < JO < +00. 

We have the following compactness results (the proof is classical and reported 
to appendix). 

Theorem 5 (Compactness of Young measures) Let {X, A) be a finite 
measure space. Let (z/") be a sequence of Young measures on X satisfying 
^ uniformly for some p > 1: 

sup / / l^l^du^iOdXiz) < +00. (11) 

Then there exists a Young measure u on X and a subsequence still denoted 
(z/'^) such that, for all h e L\X), for all G Cb{^), 

hm / h{z) [ mdi^mdXiz) = [ h{z) [ mdMOdX{z). (12) 
n^+ocjj^ Jx Jr 

Corollary 6 (Compactness of kinetic functions) Let {X, A) be a finite 
measure space. Let (fn) be a sequence of kinetic functions onXxM.: fniz^C) = 
z/"((^,+oo) where z/" are Young measures on X satisfying /flT]). Then there 
exists a kinetic function f on X x M such that fn^fin L°°{X x M) weak- *. 

Note that if / is a kinetic function then d^f = —u is non-negative. Observe 
also that, in the context of Definition [21 setting / = l„>g, we have d^f = 
— 5ji=^ and z/ := Su=^ is a Young measure on x x (0, T). The measure 
u vanishes at infinity (it even satisfies the stronger condition f|T3l) below). 
Therefore any solution will also be a generalized solution, according to the 
definition below. 

Definition 7 (Generalized solution) Let fo: n x x R ^ [0, 1] be a 

kinetic function. A measurable function f : Q x x [0,T] x M — [0,1] 
is said to be a generalized solution to (CP with initial datum fo if (/(t)) is 
predictible and is a kinetic function such that: for all p > 1, there exists 
Cp > 1 such that for a.e. t G (0, T) 

E / / l^l^du^AOdx < Cp, (13) 
7r 
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where v := —d^f, and if there exists a kinetic measure m such that for all 
if e Cl{T^ X [0,T) X R), 

^{fit),dMt))dt+{fo,cpm + r{fit),a{0-Vcp{t))dt 

^ JO 

T 



y2 / 9k{x,C)(p{x,t,C)du^^t{0dxdf3k{t) (14) 

d^ip{x, t,^)G^{x,^)di'(^x,t){Odxdt + m{d^Lp), a.s. 



k>l 
T 



-'T^ Jm. 



Observe that, if / is a generalized solution such that / = lu>£,, then u{t, x) 
J^Xf{x,t,^)d^, hence u is predictible. Moreover, z/ = 6u=^ and 



E / \u{t,x)\Pdx = E / / \^\Pdu^,tiOdx. 
Condition (El) is thus contained in the condition flT3l). 



We conclude this chapter with a remark about the time continuity of the 
solution (see also [CGlOj and references therein on this subject). Generalized 
solutions are a useful and natural tool for the analysis of weak solutions to ([T]), 
i.e. solutions that are weak with respect to space and time, but the process 
of relaxation that generalizes the notion of solution introduces additional 
difficulties regarding the question of time continuity of solutions. To illustrate 
this fact, let us consider for example the following equation (the "Collapse" 
equation in the Transport- Collapse method of Brenier [BreSH IBre83j ) 

dj{t) = l,(i)>5 - /, u{t) := [ XmiOd^, (15) 

Jr 

with initial datum /o(0 a kinetic function. Integrating ( 1151) with respect to 
^ shows that u = uq is constant and gives 

/(t) = e"Vo + (l-e-*)l„o>s, 

i.e. f{t) is describing the progressive and continuous "collapse" from /o to 
luo>^- It is also simple to show that 



m(t,0 := ilu>c-fit,C))dC>0 
J —00 



for all t,^, and, more generally. 



ifirX)-f{tX))dC>0, Vr>t,VeGM, (16) 
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so that / satisfies dtf = d^m, m > 0. Now erase an interval [^1,^2] in the 
evolution of /. Then 

g{t) = f{t) := /(t)l[0A] W + fit + t2- ti)l(i„+oo)(t) 

satisfies 

^tg = ^^m+{f{h)-f{t^))5{t-t^) 

^—00 

By fITBl) . n is non-negative, but, unless /o = 1mo>?! 9 is discontinuous at t = ti. 
In the analysis of a generalized solution /, we thus first show the existence 
of modifications and /~ of / being respectively right- and left-continuous 
everywhere and we work on in most of the proof of uniqueness and re- 
duction (Theorem [TT]) . Finally, we obtain the time-continuity of solutions in 
Corollary [H 



2.3 Left and right limits of generalized solution 

We show in the following proposition that, almost surely, any generalized 
solution admits possibly different left and right weak limits at any point 
t G [0,T]. This property is important to prove a comparison principle which 
allows to prove uniqueness. Also, it allows us to see that the weak form (I14p 
of the equation satisfied by a generalized solution can be strengthened. We 
write below a formulation which is weak only with respect to x and C,- 
Note that we obtain continuity with respect to time of solutions in Corol- 
lary [12] below. 

Proposition 8 (Left and right weak limits) Let /o be a kinetic initial 
datum. Let f be a generalized solution to (QJ) with initial datum /q. Then 
f admits almost surely left and right limits at all point t^, G [0,T]. More 
precisely, for all G [0,T] there exists some kinetic functions /*'^ on Vt x 
X R such that P-a.s. 

(/(t. -£),(^)^ (/*'-, (^) 

and 

as £ —J- for all Lp G C^(T^ x R). Moreover, almost surely, 

(/*'+- r'-,(^) = - / d^^{x,OMu}{t)dm{x,t,^). (17) 

JT^x[0,T]xK 
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In particular, almost surely, the set of t^, G [0,T] such that /*' 7^ is 
countable. 

In the following, for a generalized solution /, we define by f^{t^) = 
e [0,T]. Note that, since we are dealing with a filtration associated 
to brownian motions, f"^ are also predictible. Also f = = f~ almost 
everywhere in time and we can take any of them in an integral with respect 
to the Lebesgue measure or in a stochastic integral. On the contrary, if the 
integration is with respect to a measure - typically a kinetic measure in this 
article -, the integral is not well defined for / and may differ if one chooses 
/+ or /". 

Proof of Proposition [S The set of test functions CliT^ x R) (endowed 
with the topology of the uniform convergence on any compact of the functions 
and their first derivatives) is separable and we fix a dense countable subset 
Vi. For all ip e Cl{T^ x M), a.s., the map 

J^:t^ [ {fXs),a{0-V<f)ds 
Jo 



+ \ I I [ d^^ix,OG\x,Odiy,,s{Odxds (18) 
^ Jo Jf!^ Jr 



is continuous on [0,T]. Consequently: a.s., for all 99 G Vi, is continuous 

on [o,r]. 

For test functions of the form (x,t,^) h-)- (p{x,^)a{t), a G C^([0,T]), Lp G Vi, 
Fubini Theorem and the weak formulation f|T^ give 

T 

g^{t)a'{t)dt+{fo,^)a{0) = {m,d^ip){a), (19) 

where g^p{t) := {f{t),ip) — J^pit). This shows that dtg^p is a Radon measure 
on (0,r), i.e. the function g^p G BV{Q,T). In particular it admits left and 
right limits at all points G [0,r]. Since J<^ is continuous, this also holds 
for (/,</?): for all G [0,T], the limits 

{f.^){U+) :=lim(/,(/j)(t) and (t*-) := lim(/, (/j)(t) 

t\.t, t\t, 

exist. Note that: 

(/,(^)(t,+) = lim- r^\f,y,){t)dt, (/,(^)(t,-)=lim- r {f,^){t)dt. 
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Let [Sn) 4 0. By the uniform in time integrability condition f[T^ and Corol- 
lary [HI there exist a kinetic functions /*'^ on x x M and subsequences 



(e ±) such that 

k 



1 /■** 1 /"**+^+ 

— / /(t)rft - /*'-, — / '= f{t)dt - /*•+ 

k A; 

weakly-* in x x M) as A; -> +oo. We deduce: 

= (/*'+, y.) and {f,ip)it,-) = (/*'-, V^). 

Taking for a the hat function a{t) = - min((t — t^, + £)"*", {t — t^ ~^)~) (fT9|) . 

e 

we obtain f lT7|) at the limit [e — )■ 0]. In particular, almost surely, f*'^ = /*'" 
whenever m has no atom at t*. 

We thus have proved the result for G Pi. Since Vi is dense in C^(T^ x M), 
it is easy to see that in fact everything holds a.s. for every Lp e C^(T^ x M). 
■ 

Taking in (fn|) a test function of the form (x, s, ^) H- (/^(x, ^'^^(s) where a is 
the function 

1, s <t, 

s — t 

a{s) = { 1 , t<s<t + e, 

0, t + e<s, 

we obtain at the limit [e ^ 0]: for all t G [0,T] and if e ^^(T^ x M), 

^)dt + (/o, + [\f{s), a{0 ■ Vip)ds 
Jn 

ft 



k>l 
t 



y2 / 9k{x,^)(p{x,C)du^^s{0d^d/3k{s) 

Jo JjN 

d^ip{x,C,)G'^{x,^)du(^^^s){^)dxds + {'m,d^(p){[0,t]), a.s., 

(20) 

where {m,d^(p){[0,t]) = / d^ip{x,^)dm{x,s,^). 

JT^x\0,t]xR 



Jt 
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3 Comparison, uniqueness, entropy solution 
and regularity 

3.1 Doubling of variables 

In this paragraph, we prove a technical proposition relating two generalized 
solutions /j, z = 1, 2 of the equation 

dui + diY{A{ui))dt = <!){ui)dW. (21) 

Proposition 9 Let fi, i = 1,2, be generalized solution to l[21\} . Then, for 
< t < T , and non-negative test functions p G C°°{T^), if) G C^(]R), we 
have 

e/ / p{x-y)ij{i-C)ft{x.t.OfHy.tX)didCdxdy 
<E [ [ p(x-y)^(e -0/1,0(2:, 0/2,0(1/, C)«c?xdy + Ip + V, (22) 
where 

ip = Ef [ [ /i(x,s,o/2(?/,s,OKO-«(0)^(e-0« 

Jo J(T^)2 JR2 

• Vxp{x — y)dxdyds 

and 

^ J(T^)2 Jo ^K2 

X X] \9k{x,i) - gk{y,0\^dpl^, ® i^l,{^,C)dxdyds. 

k>l 

Remark 10 Each term in is finite. Let us for instance consider the 
first one on the right hand side. Let us introduce the auxiliary functions 

^i(o = r ^{s)ds, ^2(0 = f 

which are well-defined since ij) is compactly supported. Note that both ipi and 
-02 vanish at —00. When ^ — )■ +00, ifji remains bounded while tp2 has linear 
growth. To lighten notations, we omit the index 0. Let us set /2 = 1 — /2- In 
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the case where fi and f2 correspond to kinetic solutions, i.e. fi = lui>^, we 
compute (forgetting the dependence upon t and x): /2(C) = lu2<c ^'^^ 

/ ^(e-c)/i(0/2(c)« = ^2(^1-^/2). 

In the case of generalized solutions, we introduce the integrable modifications 
Xh of fi, i = 1,2/ 

MO = XfAO + io>€, /2(C) = io<c - XfAC). 

Accordingly, we have, by explicit integration: 

[ ^(e-c)/i(o/2(c)« = - /" - OxhiOxhiOd^dc 

+ f MOxdOd^- [ MOxd-C)dC + M0) (23) 

Jr Jr 
Each term in the right hand-side of / f^) is indeed finite by l[TO\) . 

Proof of Proposition Et Set = T.T=i\9k{x,0\ and Gl{y,C) = 

EZi \9k{y, 01 Let cp, e C-(Tf X Mg) and cp^ E C^{T^ x M^). By m, 
we have 

{fHt),Vi) = {fifi,Vi) + m) + {m,,d^ip,){[0,t]) 

with ^ 

^^(^) = / 9k,mdul^{^)dxdf3k{s) 
1^^^ Jo Jt^ Jr 

and 

{mi,d^ipi){[0,t]) = / {fi,a-\/ipi)ds 
Jo 

+ \ I I [ d^^,Gldiyl^^,){Odxds-{m,,d^^,){[0,t]). 
^ Jo Jt^ Jr 

Similarly 

if+it),^,) = {f2,o,^2)+m) - {m2,d^V2){M 
with ^ 

m) = J2ff I 9k,2^2di^U0dxdPk{s) 
, ^1 Jo Jt^ Jr 
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and 

ft 



Jo 

+ \f! I d^^2Gldi^l^,){i)dxds- {m2,d^^2){\^A)- 
^ Jo Jt^ Jk 

Set a{x, ^, y, Q = ipi{x,^)(p2{y, C). Using Ito formula for Fi{t)F2{t), integra- 
tion by parts for functions of finite variation (see for instance |RY99] , chapter 
0) for {fhi, d^ipi){[0,t]){m2, d^ip2){[0,t]), the following formula 



t rt 



{m^,^^ip^){[0,t])F2{t)= / {m,, d^ip,)i[0, s])dF2is)+ F2is){m^,^^ip,){ds), 

Jo Jo 

which is easy to obtain since F2 is continuous, and a similar formula for 

{m2, d^ip2){[0,t])Fi{t), we obtain that 

satisfies 

E((/i+(t)/^(t),«)) = ((/i,o/2,0,«)) 

-e/" / / fj2{a{0-V. + a{C)-Vy)adCdCdxdyds 

Jo J{T^)2 Jr2 

+ I I I 9^(^Ms)Gldu} J^)dCdxdyds 

^ Jo J(TN)-2 Jr2 



I I II d(;afi{s)Gldv? JC)d^dydxds 

^ Jo J(TJV)2 Jm.2 Jr 

-E [ [ [ [ Gi,2adulsiOdjylsiOdxdy 
Jo J(T^)2 Jr2 Jr 

/ f2is)d^<^dmi{x,s,^)dCdy 

Jo J(T^)2 Jr2 

+ E [ [ [ f^{s)d^adm2{y,s,0d^dx (24) 

Jo >/(T^)2 Jr2 



where 61,2(2:, y; ^, C) := Y.k>i9k{x,C)9k{yX) and ((■,-)) denotes the duality 
distribution over T;^ xM^ xT^ xR^. By a density argument, f l24p remains true 
for any test-function a G C^(T;^ xM^ xT^ xM^). Using similar arguments as 
in Remark [TOl the assumption that a is compactly supported can be relaxed 
thanks to the condition at infinity ([5]) on rrii and ([9]) on z^*, z = 1, 2. Using 
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truncates of a, we obtain that (I21D remains true if a G Cfe°^(T^ xR^ xT^ xM^) 
is compactly supported in a neighborhood of the diagonal 

{(x,e,x,0;xGT^,eGM}. 

We then take a = pifj where p = p{x — y), if) = V'(^~C)- Note the remarkable 
identities 

(V, + Vy)a = 0, (d^ + d^)a = 0. (25) 
In particular, the last term in ([21]) is 



IE / / / fi {s)d(^adCdxdm2{y,s,C) 

Jo >/(T^)2 Jm.2 

-E / / / f^{s)d^ad^dxdm2{y,s,C) 

Jo J(T'V)2 Jm2 

-E / / / adi'l'~{C)dxdm2{y,s,C) <0 
Jo J(rN)'2 JM2 



'0 J(T'V)2 

since a > 0. The symmetric term 



/ f2i.s)d^Oidmi{x,s,C)dCdy 

Jo J(T^)2 JR2 

-E / adUyl^{C)dydmi{x,s,^) 

Jo Jn^v 



'0 J(T^)2 JR2 

is, similarly, non-positive. Consequently, we have 

E((/i+(t)/^ (t), a)) < ((/i,o/2,o, a)) + Ip + I^, (26) 

where 

Ip:=-e[ [ [ hj2{a{i)-V^ + a{0-Vy)adidCdxdyds 
Jo J(j^)'2 Jr2 



and 



I^ = / / / d^af2{s)G\dvh JC)dC,dxdyds 

I I 11 d^ah{s)Gldvt ACjd^dydxds 

^ Jo J(TJV)2 J]R2 

-e// / f Gi,2adul,{i)dul,{C)dxdy. 

Jo >/(T'V)2 Jr2 
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Equation fl2^ is indeed equation fl22|) for since, by fl25|l . 




J(T'V)2 JR2 



and, by f l25|) also and integration by parts. 



Jo J{TN)2 JlR2 



= 1^ [ [ I ^Y. \3k{x, i) - 9k{y, Ol^dul^ ® ul^i^, Qdxdyds 



Jo J {7^)2 Jr2 



To obtain the result for f- , we take tn t write fl22l) for f^{tn) and let 
n — 7- oo. 

3.2 Uniqueness, reduction of generalized solution 

In this section we use Proposition [9] above to deduce the uniqueness of solu- 
tions and the reduction of generalized solutions to solutions. 

Theorem 11 (Uniqueness, Reduction) Let uq G L°°{^1). Assume 1^- 
1^. Then, there is at most one solution with initial datum Uq to ([2]j. Besides, 
any generalized solution f is actually a solution, i.e. if f is a generalized 
solution to (CP with initial datum luo>i> then there exists a solution u to (QP 
with initial datum uq such that f{x,t,^) = lu{x,t)>£, o^.s., for a.e. 
Moreover u has left and right limit at any point in the sense of UiT^) for 
anyp>l and, for any t G [0,r], f^{x,t,^) = l„(^,t±)>c a-S-, for a.e. 

Corollary 12 (Continuity in time) Let uq E L°°(f2). Assume 

Then, for every p E [1, +oo), the solution u to (QP with initial datum uq has 

almost surely continuous trajectories in L^(T^). 

Proof of Theorem lilt Consider first the additive case: independent 
on u. Let i = 1,2 be two generalized solutions to ([T]). Then, we use (122]) 
with gk independent on ^ and C- By ([3]), the last term I^ is bounded by 



We then take i/j := '05 and p = Pe where (ips) and (p^) are approximations to 
the identity on M and respectively to obtain 




X — y\'^p{x — y)dxdy. 



h < 




(27) 
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Let t G [0, T] and let It he such that ffT5]) is satisfied for u = u^'^ at t„. 
Then i^*'!, being the weak-hmit (in the sense of ffT^ ) of satisfies ffT31) . 
Similarly for z/*'~. In particular, by (ITOi) . Xf^{t) is integrable on x R and 

= E / / pe{x-y)ipsi^-C)fHx^i^0f2ix,t,^)d^dCdxdy + rit{e,S), 

where \im^ s^Qrjt{£, 6) = 0. To conclude, we need a bound on the term Ip. 
Since a has at most polynomial growth, there exists C > 0, p > 1, such that 

HO - a(c)i < r(e, oie - CI, r(e, = c(i + ler^ + icr')- 

Supposing additionally that "05(0 = ^"^i^ii^^^O where ■01 is supported in 
(— 1, 1), this gives 

|IpI<e/ / / hhmOl^-ClM^- 01"^ ^Peix-yMdCdxdyda. 

Jo J(T^)2 Jk2 

By integration by parts with respect to Q, we deduce 

<^ f f I Qdvl^ ® C)|V.p.(x - y)\dxdyda, 

Jo J(T'V)2 Jm2 

where 

T(e,C)= / / r(r,C')ir-ClV'5(e'-C')rf«'- 

It is shown below that T admits the bound 

T(e,c)<c(i + ier+icn5. (28) 

Since and v"^ vanish at infinity, we then obtain, for a given constant Cp, 

\lp\<tCp6( \V,ps{x)\dx] . 

\Jtn / 

It follows that, for possibly a different Cp, 

|Ip| < tCp5e~\ (29) 
We then gather ([27D, ([29]) and ([22]) to deduce for t e [0,T] 

E / / .ftit)fHt)dxdi< [ [ h,of2,odxd^ + r{e,S), (30) 
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where the remainder r{e,5) is r{e,5) = TCp6e^^ H 2~^^^^^ ~^ Vt{^^^) + 

r]o{£, S). Taking S = e'^^'^ and letting e gives 

E / / ft{t)J^{t)dxdi < [ [ hohodxdi. (31) 

Assume that / is a generahzed solution to ([T]) with initial datum luo>^- Since 
/o is the (translated) Heavyside function luo>^, we have the identity /o/o = 0. 
Taking f^ = f^ = fm we deduce /±(1 - /±) = a.e., i.e. /± G {0, 1} 
a.e. The fact that —d^f is a Young measure then gives the conclusion: indeed, 
by Fubini Theorem, for any t G [0,r], there is a set Et of full measure in 
X such that, for (x, u) G ^i, /^(x, t, ^, a;) G {0, 1} for a.e. ^ G M. Recall 
that —d^f^i^x, t, ■, w) is a probability measure on M so that, necessarily, there 
exists u'^{x,t,u) G M such that f'^(t,x,^,u) = lu±{x,t,uj)>^ for almost every 
{x,C,,uj). In particular, u"^ = f^if"^ — l^>o)d^ for almost every {x,oj). 
The discussion after Definition [7] tells us that is solution to ([T]) implies 
that is a solution to ([T]). Since f = a.e., this shows the reduction of 
generalized solutions to solutions. 
Write for p > 1, t,s G [0,T], 

/ [iu^{x,t)-u^{x,.s)yYdx = / / —7—ilu±{x,t)>^-K±{x,s)ix)H)d^dx 

= 11 ^if^{x,t,0-.f^{x,s,O)dCdx. 

By (ITOj) and Proposition [HI we deduce that tt"*" = u~ except at a countable 
set of t and at these points have left and right limits. Setting u = 
yield the second part of the result. 

If now Ml and U2 are two solutions to ([T]), we deduce from (13 ip with /j = lui>^ 
and from the identity 



Jr 



the contraction property 

E\\{uf{t) - 4(t))+|Ui(TriV) < E||(mi,o - W2,o)+||Li(TiV). (32) 

This implies the L^-contraction property, comparison and uniqueness of so- 
lutions. 

In the multiplicative case ($ depending on u), the reasoning is similar, except 
that there is an additional term in the bound on I^. More precisely, by 
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Hypothesis we obtain in place of ( HT} the estimate 
where 

IJ = E r / Ps [ M^-CM-C\h{\i-C\)di^l.®i^UC,Odxdyda. 

Jo J(T'V)2 JlR2 

Choosing -05 (^) = with t/ji compactly supported gives 

T / ^-^1 2r-l , TDiC^h{6) 

< — -e (5 + -^^ , := sup||^^/^i(0||- (33) 



We deduce ( 130|) with a remainder term r'(e, 6) := r(e, (5) H ^ J' ^ ^ 

conclude the proof as in the additive case. 

There remains to prove fl28l) : setting ^' = ^ — C', we have 

l>+oo i> 

T(c,c) = / / Tic+caemndC'dc 

<C / max r(e" + C', C')dC S 

~ |C"I<5,C"<5-C' 

<c (i + |^|f-i + ic'r^)c?c'5, 



which gives fl28|) . ■ 

Proof of Corollary I12t set / = lu>i- Let us first show the continuity at 
t = 0. We apply (fT7|) . which reads, at t = 0, 

where mo is the restriction of m to x {0} x M. In particular, by the 
condition at infinity ([5]) on m, we have: almost surely, for a.e. x G T^, 

Jr 

We then write 

Ju Jr 
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This gives continuity at t = 0, indeed we already know that u converges to 
w+(0) in LP(T^). 

To prove similar results at time G (0,T), we consider as the origin of 
time: indeed it follows from (fT4|) and Proposition. |8]that 

{f{t),dtip{t))dt+ {r{U),^{U)) + [ (/(t),a(0- V¥p(t))6?t 

T 



/ 9k{x,C)>^{x,t,C)du^^t{0dxd/3k{t) 
/ d^ip{x,t,^)G^{x,C.)di/(^^^t){Od^dt + m{lit^^T]d^Lp). 

JR 



k>l 
T 



In other words, t i— )■ f{t^, + t) is a generalized solution to ([1]) on [0, T — t*] 
with initial datum = l^l-(t,)>^■ We obtain = M~(t*) and the 

result follows. ■ 



3.3 Entropy solutions 

For deterministic first-order scalar conservation laws, the notion of entropy 
solution was introduced by Kruzhkov [Kru70] prior to the notion of kinetic 
solution |LPT94j . For the first-order scalar conservation law with stochastic 
forcing, a corresponding notion of weak entropy solution has been introduced 
by Feng and Nualart [FNOSj : 

Definition 13 (Weak entropy solution) A measurable function u: x 
[0,r] X r2 — M is said to be a weak entropy solution to (QP if {u{t)) is an 
adapted L'^iT^) -valued process, for all p > 1, there exists Cp > such that 
for a.e. te [0,T], 

IKi(OllLP(nxT^) < Cp 

and for all convex rj G C^(M), for all non-negative 6 G C^{T^), for all 
0<s<t<T, 

{V{u{t)),e) - {v{u{s)),e) < j\q{u{r)),Ve)dr 

+ E f(9k{; u{r)W{u{r)), e)d/3,{r) + ^ [\g\; u{r)W' {u{r)) , e)dr, 
k>i ^ •'^ 

a.s., where q{u) = Jq aiOv'iOdC- 
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An entropy solution is a kinetic solution and vice versa. Let us introduce an 
auxiliary definition: 

Definition 14 (Time- weak weak entropy solution) Let uq E L°°{^1). 
A measurable function u: x [0, T] x 1] — t- R said to be a time-weak 
weak entropy solution to ^ with initial datum uq if {u{t)) is an adapted 
L'^(T^) -valued process, for all p > 1, there exists Cp > such that for a.e. 

te[o,T], 

ll'"(0llLP(f7xT^) < Cp 

and for all convex rj G C^(M), for all non-negative p G C^iT^ x [0, T)), 

T pT 

{ri{u),dtp)dr + {r]{uo),p{0)) + / {q{u),Wp)dr 

^0 

T 1 pT 



>-E/ {9k{;u{r))v'Hr)),p)dp,{r)-\ I (G 

fc>l ^ "^0 



a.s., where q{u) = £ a{^)r]'{^)d^. 



2/ 



,u{r))r]"{u{r)), p)dr, 
(34) 



Proposition 15 (Entropy and kinetic solutions) Let Uq G L°°(f2). For 
a measurable function u: x [0, T] x 1] — > M, it is equivalent to be a kinetic 
solution to (QP, i.e. a solution in the sense of Definition\^ and a time-weak 
weak solution. 

The proof of the proposition is classical. Choosing test functions ip{x,t,C,) = 
p{x,t)r]'{^) in ([7]) and using the inequality mr]" > gives flMl) . Conversely, 
starting from flM|) . one defines the measure m (actually 9|m) by 

m{p (g) T]") = {r]{u),dtp)dr {r]{uo),p{0)) + {q{u),Vp)dr 
Jo Jo 

T 1 '■^ 



■k{-,u{r))7]'{u{r)),p)d^i,{r) + ^ / {G^{-,u{r))7]"{u{r)), p)dr, 







and then derives ([7j). See |Per02] for precise references. 

It is clear also that a weak entropy solution, satisfying n(0) = uq, is a time- 
weak entropy solution, while, for the converse assertion, time-continuity of 
the solution is required. We have seen that a kinetic solution is continuous 
in time, it follows that it is indeed a weak entropy solution. 
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3.4 Spatial regularity 

To conclude this paragraph and our apphcations of Proposition [9], we give a 
result on the spatial regularity of the solution. To that purpose, we introduce 
two semi-norms that measure the W^'^'^-regularity of a function u G L^(T^) 
(cr G (0, 1)): we set 



\x - y\ 



and 



= sup \l I \u{x) -u{y)\ps{x -y)dxdy, 




0<e<2Dr^ S'^ 

where (pe) is a fixed regularizing kernel: P£{x) = p{e~^\x\) where p is 
supported in the ball 5(0, 1) of M^. We define W^'^iT^) as the subspace of 
u G L^(T^) with finite norm 

Lemma 16 (Comparison of the W^'^ semi-norms) Let a G (0, 1). There 
exists C depending on a, p, N such that, for all < s < a, for all u G 

p;{u)<cp^u), f{u)<-^p;{ii). 

' a — s ' 



Proof: we have 

1 / N ^ \\p\\l°° ^ , llplU°° 

-Pe{x -y)< ^^l|._,|<e < ^^_y^N+a ^ 

hence p'^piu) < Cp"{u). Multiplying the inequality 

^// 1^*^^) (^~7^) ^^^y^pW 

by and integrating over e G {\x — y\, 2Dj\f) where = \fN is the 

diameter of [0,1]^, we obtain the second inequality. H 

Theorem 17 (VT'^'i-regularity) Let uq G L°°(T^), let u: x (0, +oo) x 
f2 — !■ R 6e the solution to ^ with initial datum uq. Assume that h satisfies 

h{6) < (5 < 1, < a. (35) 
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Set a = min(j^,i). Then, there exists a constant C such that, for all 
t > 0, we have 

Ep;{u{t))<C{Ep;{uo) + t). (36) 

In particular, for all < s < a, there exists a constant Cg > such that for 
t > 0, 

E\\u{t)\\ws.l(jN^ < Cs{\\UQ\\w,y,l(jN) + t). 



Proof: the last assertion is proved as follows: by Lemma [121 (1361) implies 

Ep'^(n(t)) < Cs(p°"(tio) +t). Poincare Inequality gives 



u{t) — / u{t)dx 



< CsP'Ht)). 

Since E J^^v u{t)dx = E J^^v UQdx, we obtain a bound on the L^-norm of u: 

\\'^{t)\\LHT^) ^ Cs{p'{Uo) + t + llnollLi(TiV)), 

hence E||M(t) II vi/s,i(xiv) < Cs(||Mo||iy<T,i(']rJV)+t)- To prove fl36|) . we apply Prop.P 
with /i = /2 = l«>g, P = P^, = i^s- Since d^lu>s^ = — 5m=^ is a Radon 
measure with mass 1, we have 

E / p^{x — y){u{x,t) — u{y,t))~^dxdy 

< E / / p^{x - y)iJs{C - C)l«(x,t)>c(l - luiy,t)>c)dxdyd^dC + S 

and 

E/ / pe{x - y)iJs{^ - 0'i-uo{x)H{l - 'i-uo{y)>(:)dxdyd^dC 

J(TJV)2 Jm.2 

< E / pe{x - y){uo{x) - UQ{y)Ydxdy + 5. 

We deduce that 



E/ pe{x - y){u{x,t) - u{y,t))'^dxdy 

'(T^)2 



< E / ^^(a; - y){uo{x) - uo{y)ydxdy + Ip + 1^, + 25. 

J(T^)2 
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As in (I3S])-(I2n]), we have 

1^ <tC{e^d-^ + h{6)), lp<tC6e-\ 

hence 



E pe{x - y){u{x,t) - u{y,t)ydxdy 

< E / pe{x - y){uo{x) - uo{y)ydxdy + tC{e^S-^ + h{5) + fc"^) + 25. 
By optimization in 5, using (135|) . we obtain (136|) . ■ 

4 Existence 

4.1 The parabolic approximation, kinetic formulation 

Let uq G L°°{T^). To prove the existence of a solution to ([T]) with initial 
datum Mo, we show the convergence of the parabolic approximation 

du"^ + div{A{u'^))dt - riAu^'dt = ^r,iu'')dW{t), t > 0, x G T^, 

M^(x,0) = Uo{x), xeT^. 

(37) 

Where $^ is a suitable Lipschitz approximation of $ satisfying (|2]), ([3]) uni- 
formly. We define and C as in the case r] = 0. 

It is shown in |GR00j that equation (1571) has a unique L''(T^) valued continu- 
ous solution provided p is large enough and uq G L''(T^), hence in particular 
for uq G L°°(T^). Moreover, it is also shown in |GROO] that using Ito Formula 
one can prove that u"^ satisfies the energy inequality 

mu\t)\\l,^jr,^ + 2r]E [ \\Vu'^\\l2(^jN^ds 

Jo 

<E\\uo\\l2nN) + E [ ||G,(n'')||2 (is. (38) 
By ([2]) and Gronwall Lemma, we easily derive 

E||«''(t)|li2(TriV) +r/E / WVu^Wl^nN^ds <C{T)(E\\uo\\l2nN) + l). (39) 
Jo 

Also, for p > 2, by Ito Formula applied to \u\^ and a martingale inequality 

E( sup \\u'^{t)\\l^„^A+riE [ I \u\t,x)\''-^\Vv^{t)\''dxdt<C{p,uo,T). 
\te[o,T] 'J Jo Jt^ 

(40) 
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Proposition 18 (Kinetic formulation) Let uq E L°°{T^) and let vJ'' he 
the solution to Then f := 1„^>5 satisfies: for all ip E C](T^ x [0, T) x 



^{r{t),dMi))dt+{fo,m) + r{nt),a{0-'^^{t)-rjA^{t))dt 

Jo 

= -^/ / g2{x,^)ip{x,t,^)diylt{^)dxd(3kit) 



k>l 



'0 ^T^ 



-If f [ d^ip{x,t,OGl{x,Odiy?,JOdxdt + m^{d^ip), (41) 
^ Jo Jtn ' ' 

a.s., where /o(0 = l«o>5 ^^^d, for (p E Cb{T^ x [0,T] x R), 



^M) = '^""(^.i)' "^''(0) = / (f){x,t,u'^{x,t))'r]\Vu^'\ dxdt. 

Jt^ x[0,T]xR 

Note that the measure m"^ is exphcitly known here: mP = 'r]\ViL'^\'^6uv=^. 

Proof: By Ito Formula, we have, for 6 E C^(M) with polynomial growth at 
±oo. 



d{luv>^,e') ■.= d [ luvHO'iOdC = d9iu^) 
Jr 



9'{u'^){-a{u'^) ■ VvPdt + r]AvPdt + ^^^{vP)dW) + ]-e"{vP)Gldt. 



We rewrite the first term as 



-e' {u'^)a{u") ■ Vw" = -div 1^ a{C)e'{i)di^ = -div(al„.>5, 6'), 

the second term as 

e'{vP)r]AvP = rjA9{u'')dt - r/| Vw''P^"(w'') 

= v^Ci-u^H, o')dt + (ae(r?| Vi/^p(5,.=5), e') 

to obtain the kinetic formulation 
(i(l„.>5, e') = -div[(al„.>5, e')]dt + r7A(l„.>5, e')dt 



fc>i 
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Taking 9{^) = J_ /3, we then obtain fH2]) with the test function /3 in place 
of 9'. Since the test functions (p{x,^) = a{x)l3{^) form a dense subset of 
C^iT^ X M), dH]) follows. ■ 

Equation fHT]) is close to the kinetic equation ([7]) satisfied by the solution 
to ([1]). For ?7 — )■ 0, we lose the precise structure of m'^ = r]\'Vu^\'^6uv=^ and 
obtain a solution it to ([T]). More precisely, we will prove the 

Theorem 19 (Convergence of the parabolic approximation) LetuQ G 
L°°{T^). There exists a unique solution u to ^ with initial datum Uq which 
is the strong limit of {vP) as r] 0: for every T > 0, for every 1 < p < +oo, 

limE||n'' - n||ip(',riVx(o,r)) = 0. (43) 



The proof of Theorem [19] is quite a straightforward consequence of both the 
result of reduction of generalized solution to solution - Theorem [TT] - and the 
a priori estimates derived in the following section. 

4.1.1 A priori estimates 

We denote indifferently by Cp various constants that may depend on p G 
[1, +oo), on uq, on the noise and on the terminal time T, but not on 77 G (0, 1). 

1. Estimate of m^: we analyze the kinetic measure = ri\'Vu^\'^6uv=^. By 
fl5^ . we have a uniform bound Em''(T^ x [0, T] x M) < C. Furthermore, the 
second term in the left hand-side of (140|) is E /iriVx[oT]xK O5 so 

we have 

e[ \^\Pdm\x,t,0<Cp. (44) 

Jt'^x[0,T]xR 

We also have the improved estimate, for p > 0, 

E / |erW(x,t,0 <Cp. (45) 

Jt'^xIO,T]xR 

To prove (H5|) . we apply Ito Formula to ipivP), ipi^C) '■= I^P^"*"^: 



di/jiu"^) - div(J^)rft + r]ij"{u'')\Vu'^\^dt = ilj'{u'')%{u'^)dW + ^i;" {u'^)Gldt, 
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where T := /g" o-iO'^'iO^-^ ~ TjVi^iu^)- It follows 



-'T 



T]i)"{u^)\VvP\^dxdt 



Gl{x,u'^)ij"{u")dxdt. 



^ Jo JjN 

Taking the square, then expectation, we deduce by Ito isometry 



E 



T 



JT^ 

T 



r]^"{u'^)\Vu'^\^dxdt 



< 2E 



ip{uo)dx 



+2E / V / gk 

Jo M 



{x,u'^)ip'{u'^)dx 



2 




dt+E 


fl 

Jo Jj 



G^{x,vP)i)"{vP)dxdt 



By ([2]), (l40l) and Cauchy-Schwarz inequality, we obtain (145|) . 

2. Estimate on i^'': By the bound (HO]) on vl^ in L^, we have, for t E (0, T), 



and, in particular. 



't^ Jm. 



'0 ^T^ 



(46) 



(47) 



4.1.2 Generalized solution 



Consider a sequence (ijn) i 0. We use the a priori bounds derived in the 
preceding subsection to deduce, up to subsequences: 

1 . by fH7|) and Theorem [5] and Corollary [6] respectively, the convergence 
jyVn _^ jy ^[yi the sense of f|T2l) ) and the convergence ^ / in L°°(f2 x 

X (0,T) X M)-weak-*. Besides, the bound (HHD is stable: z/ satisfies 

2. Let A^fe denote the space of bounded Borel measures over T''^ x [0, T] x M 
(with norm given by the total variation of measures), i.e. the dual space 
of Cb, the set of continuous bounded functions on x [0, T] x M. Then 
L^(fi; Mb) is the dual space of L^(fi, Cb). By fj45|) with p = 0, we have. 
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up to subsequence, the convergence m'^" ^ m in L^(fi; A^fe)-weak star. 
In particular, we have, for any A; > 0, 



E / mm{\^\P, k)dm{x,t,^) 

iT^x[0,T]xR 

= hm E / mm{\^\P, k) dm''" {x, t, ^) <Cp 

by (jSj), hence m vanishes at infinity, i.e. satisfies ([5]). 

Let G CbiT^ X R) and set := f^j,^^^^^^^(j){x,Odm''"{x,s,0, 

a G ^2(1]), 7 e L2([0,r]), then, by Fubini's Theorem, 

E(a [ 7(t)x"(t)c/t) = E(a [ Or(s)rfm''"(x, s, , 

where T{s) = j'^ '^{t)dt. Since F is continuous, and by weak conver- 
gence of m''", we have 

^{^ l{t)x''{t)dt^ ^e(^ -f{t)x{t)d?j , 

where 



x{t) = / (t){x,^)dm{x,s,^). 

JT'^x[0,t]xR 

Since tensor functions are dense in L'^{Q x [0,T]), we obtain the weak 
convergence Xn ^ x in L'^{fl x [0, T]). In particular, since the space of 
predictible process is weakly-closed, x is predictible. 

At the limit [n — )■ +oo] in fHTl) . we obtain f|T^ . so / is a generalized solution 
to ([1]) with initial datum luo>c- 

4.1.3 Conclusion: proof of Theorem 1191 

By Theorem [TT], there corresponds a solution u to this /: / = l?i>5. This 
proves the existence of a solution m to ([T]), unique by Theorem [TTl Besides, 
owing to the particular structure of and /, we have 



l^''"lli2(T'Vx(o,T)) II^IIl2(t'Vx(o,t)) —II I 2^(/''" f)d^dxdt 



Jf^ 



and (using the bound on in L^(T^)) 
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It follows that u^" converges in norm to u in the Hilbert space L^(T^ x 
(0,T) X Q). Using the weak convergence, we deduce the strong convergence. 
Since u is unique, the whole sequence actually converges. This gives the 
result of the theorem for p = 2. The case of general p follows from the bound 
on in L'^ for arbitrary q and Holder Inequality. ■ 



A Proof of Theorem [5] and Corollary M 

Let h G L^{X) be non-negative. By the condition at infinity f ITT]) . the se- 
quence of measure (z/^) defined by 

Jx Jr 

is tight. By Prokhorov Theorem, there exists a subsequence still denoted 
{uj^) that converges weakly in the sense of measure to a measure on M 
having the same mass as the measures (i^^): 

iyh{R)= [ h{z)dz. (48) 
Jx 

Since L^{X) is separable and /i H- z/^ is uniformly continuous in the sense 
that 

for all (p G Cb(]R), standard diagonal and limiting arguments give z/^ ^ Uh 
along a subsequence independent on the choice of /i G L^{X). At fixed 
(f) G Cb(]R), the estimate < i'h{<P) ^ II^IUh-^) ll*^ll<^i>W linearity of 

h (— )■ i'h{4>) show that 



'^hi(t>) = / Kz)g{.z,4>)dz, < ||0||c5 



X 



Besides, g{-,(t>) > a.e. since z//i(0) > for non-negative h, and (/) g{-,(j)) 
is linear. Consequently, for a.e. 2; G X, we have 

giz,<j))= [ mdM^) 
Jr 

where is non-negative finite measure on M. By (jUD, i^z{^) = 1. At last, 1/ 
vanishes at infinity since 

/ / ICl" di^ziO dX{z) <limsnp I I \i\Mv'',{^)d\{z) < +00. 
Jx Jr Jx Jr 
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This concludes the proof of the Theorem. To prove Corollary [H] we start from 
the weak convergence ^ Uh [h E L^{X) being fixed). This implies 

at all points ^ except the atomic points of z/^, that are at most countable, 
hence of zero measure. It follows in particular that 

Jr Jr 
for all g G L^(]R). In other words, we have 

/ Uz,i)H{z,i)did\{z)^ ! f{z,OH{z,Odid\{z) (49) 

JXy.R JxxR 

for all H G L^{X x R) of the form H{z, ^) = h{z)g{^). This implies the result 
since tensor functions are dense in L^{X x M). ■ 
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